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Abstract
In D = 2+1 dimensions, elementary particles of a given helicity can be described by
local Lagrangians (parity singlets). By means of a “soldering” procedure two opposite
helicities can be joined together and give rise to massive spin-s particles carrying both
helicities ±s (parity doublets), such Lagrangians can also be used inD = 3+1 to describe
massive spin-s particles. From this point of view the parity singlets (self-dual models) in
D = 2+1 are the building blocks of real massive elementary particles in D = 3+1. In the
three cases s = 1, 3/2, 2 there are 2s self-dual models of order 1, 2, · · · , 2s in derivatives.
In the spin-3 case the 5th order model is missing in the literature. Here we deduce a 5th
order spin-3 self-dual model and fill up this gap. It is shown to be ghost free by means
of a master action which relates it with the top model of 6th order. We believe that our
approach can be generalized to arbitrary integer spin-s in order to obtain the models of
order 2s and 2s− 1. We also comment on the difficulties in relating the 5th order model
with their lower order duals.
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1 Introduction
Although we have not yet seen higher spin (s ≥ 3/2) elementary particles in nature, massive
particles of arbitrarily high spin are predicted by string theory. It is tempting to connect the
non detection of such particles to the theoretical difficulties we have in formulating a self-
consistent theory where such particles interact with themselves or with other fields like the
gravitational field. As we increase the spin we need higher rank tensors. However, only 2s+1
degrees of freedom should survive for a massive spin-s particle in D = 3+1 dimensions. Con-
sequently, several spurious fields must be consistently eliminated which becomes cumbersome
specially when interactions are present. The tensor fields must obey the so called Fierz-Pauli
constraints [1].
Even the Lagrangians for free particles must be fine tuned for higher spins in order to
produce the correct constraints [2]. We believe that those Lagrangians could be systematically
obtained from a “soldering” procedure of opposite helicities in D = 2+1 space-time, see more
on soldering in [3, 4, 5, 6, 7, 8, 9]. In D = 2+ 1 dimensions, differently from the real world, it
is possible to write down local Lagrangians for elementary particles of given helicity. Helicity
eigenstates are described by parity singlets, the so called self-dual (SD) models in D = 2 + 1.
For instance, two Maxwell-Chern-Simons (MCS) theories (spin-1) of helicities +1 and −1,
suggested in [10], can be soldered into the spin-1 Maxwell-Proca model whose action has the
same form in arbitrary dimensions. Likewise, two spin-2 self-dual models of helicities +2
and −2 of second order1 in derivatives, suggested in [11], can be soldered into the massive
spin-2 Fierz-Pauli (FP) theory. The fine tuned mass term of the FP theory is automatically
generated. It works also for higher derivative models. In particular, the relative −3/8 factor
between R2µν and R
2 terms in the linearized version of the “New Massive Gravity” of [12]
can also be automatically produced by the soldering of two linearized topologically massive
gravities (LTMG) of opposite helicities +2 and −2, see [8]. The case of spin-3/2 has also been
recently achieved [13]. The spin-3 case is still under investigation.
From a constructive point of view, we believe that the self-dual models in D = 2 + 1 are
the building blocks for massive particles in the real world. Therefore, it is certainly interesting
to learn how to build them systematically for arbitrarily higher spins, specially their higher
order versions. As we increase the number of derivatives, the number of FP constraints which
are identically satisfied as opposed to dynamically satisfied also increases which makes easier
in principle the introduction of interactions without destroying the constraints.
The higher derivative self-dual models can be obtained from their first order counterparts
order by order2 (L
(s)
SDj → L
(s)
SD(j+1)) in, at least, two different ways. Either by means of a
master action approach [14] (spin-1), see [15, 16] for the spin-2 case, or via a Noether gauge
embedding (NGE) procedure where the amount of local symmetries increases along with the
number of derivatives, see [17] (spin-1), [18] (spin-3/2) and [16] (spin-2). Those three cases
are consistent with a “2s” rule for the highest possible order in derivatives of a ghost-free
1Throughout this work n-th order model stands for a Lagrangian whose maximal number of derivatives is
n.
2The notation L
(s)
SDn stands for the Lagrangian density of the spin-s self-dual model of order n in derivatives.
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self-dual model for spin-s particles. The case of spin-3 investigated here is quite challenging.
Although the sixth order model is known [19], starting with the first order model of [20] we
have obtained in [21] and [22] the second [23], the third [24] and a fourth order spin-3 self-dual
model via the NGE and the master action procedures respectively. Although they are all
ghost-free, we have not been able to go beyond the fourth order and reach the sixth order
model. The NGE procedure requires more symmetry in the higher order term than in the rest
of the Lagrangian which is not the case in the L
(3)
SD4 model found in [21]. Regarding the master
action, the highest order term in the Lagrangian can not have any particle content which is
not the case either of L
(3)
SD4 as we have shown in [22], see also section 4 in the present work.
Here we tackle that problem by going downward from the sixth order theory [19] and finding a
ghost-free fifth order model (section 2). In section 3 we connect it with the sixth order model
via master action. In section 4 we investigate a class of fourth order Lagrangians in search for
a possible fourth order self-dual model different from L
(3)
SD4 of [22] which would allow us to go
further downward from L
(3)
SD5. In section 5 we have our conclusions and perspectives.
2 The fifth order self-dual model L
(3)
SD5
We start this section recalling the construction of the sixth order spin-3 self-dual model SD
(3)
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of [19]. We follow a route slightly different from [19] which we think it could be more easily
generalized to arbitrary integer spins. First, for the spin-1 and spin-2 cases the highest self-
dual models of order 2s are given respectively by the Maxwell-Chern-Simons [10] and the
linearized higher derivative topologically massive gravity of [16, 25]. They can be written in
a compact way with the help of dual fields h∗. Namely3,
L
(1)
SD2 =
m
2
hµE
µνh∗ν −
m2
2
hµh∗µ ,
L
(2)
SD4 =
m
2
h νµ E
µαh∗αν −
m2
2
hµνh∗µν , (1)
where the dual fields are given by
h∗µ = Eµνh
ν/m , (2)
h∗µν =
(
E αµ θ
β
ν + E
α
ν θ
β
µ
)
hαβ/(2m
3) . (3)
The transverse operators
Eρδ ≡ ǫρδσ∂σ ; θρσ ≡ ηρσ − ∂ρ∂σ , (4)
are such that
EµνEαβ = 
(
θµβθνα − θµαθνβ
)
. (5)
3 We use ηµν = (−,+,+), (αβ) = αβ + βα and (αβγ) = αβγ + βγα+ γαβ.
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The dual fields identically satisfy the respective Fierz-Pauli (FP) constraints:
∂µh∗µ = 0 ; ∂
µh∗µν = 0 ; η
µνh∗µν = 0 . (6)
The equations of motion are given respectively by
E αµ h
∗
α = mh
∗
µ , (7)
E α(µ h
∗
αν) = 2mh
∗
µν . (8)
By applying Eβµ on the equations of motion, using (5),(6), equations of motion recursively
and symmetrizing the result (only in the spin-2 case of course) we derive the Klein-Gordon
(KG) equations :
(−m2)h∗β = 0 ; (−m
2)h∗βν = 0 . (9)
The Pauli-Lubanski equations (7),(8) single out one helicity eigenstate. They form altogether
with (6) and (9) all the required equations for helicity-s particles (s = 1, 2) in D = 2 + 1
dimensions (parity singlets) represented by the dual field h∗. The natural generalization of (1)
for spin-3 would be a sixth order self-dual model for a totally symmetric rank-3 tensor,
L
(3)
SD6 =
m
2
h νρµ E
µαh∗ανρ −
m2
2
hµνρh∗µνρ . (10)
The totally symmetric dual field h∗µνρ is obtained by applying some fifth order differential
operator on hµνρ such that the required spin-3 Fierz-Pauli constraints are identically satisfied:
∂µh∗µνρ = 0 ; η
µνh∗µνρ = 0 . (11)
If we apply E µβ on the equations of motion:
E α(µ h
∗
ανρ) = 3mh
∗
µνρ , (12)
and use (5), (11) and (12) recursively we obtain the expected KG equations (−m2)h∗βνρ = 0.
The invariance of the third order Lagrangian hµνh∗µν under linearized reparametrizations
and Weyl transformations δhµν = ∂(µΛν) + ηµνψ is enough to guarantee that the spin-2 FP
constraints in (6) hold identically. Likewise, we require invariance of the fifth order Lagrangian
hµνρh∗µνρ under:
δhµνρ = ∂(µΛνρ) + η(µνψρ) . (13)
The first symmetry imply that the six indices of the two hµνρ fields present in h
µνρh∗µνρ be
contracted with indices of transverse operators Eµν or θµν . There are only two possibilities
at fifth order:
LAB = h
µνρ

2E αµ
(
Aθβν θ
γ
ρ +B θνρθ
βγ
)
hαβγ . (14)
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The vector Weyl invariance then fixes B = −A/4. Therefore, the sixth order spin-3 self-dual
model, in agreement with [19], is given by (10) where
h∗µνρ =

2
3m5
E α(µ
(
θβν θ
γ
ρ) −
1
4
θνρ)θ
βγ
)
hαβγ . (15)
Alternatively, one can start with a rather general Ansatz for a fifth order Lagrangian including
all possible contractions (five terms), the symmetry (13) will finally lead us to the same answer.
Both sixth and fifth order terms in L
(3)
SD6 are invariant under the same set of gauge trans-
formations (13), this is the typical situation in the highest (2s) order self-dual models, see
[16]. The high degree of symmetry avoids the presence of ghosts which commonly appear in
higher derivative theories. The absence of ghosts in L
(3)
SD6 has been explicitly proven in [19] in
the gauge ∂jhjµν = 0. They have also shown that the fifth order term h
µνρh∗µνρ has by itself
no particle content very much like the third order linearized gravitational Chern-Simons term
in the spin-2 case, see [10]. Since the later one can be combined with the linearized Einstein-
Hilbert action (another empty theory) in order to produce a meaningful spin-2 self-dual model
(linearized topologically massive gravity), one naturally wonders whether we could combine
hµνρh∗µνρ with some fourth order term and end up with a ghost free fifth order self-dual model.
As we have already mentioned, there is a systematic procedure to go from the n-th to
the (n + 1)-th order self-dual model by either using the embedding of gauge symmetries or
a master action [14] approach. However, to the best we know there is no systematic way to
go downward in derivatives. In the spin-2 and spin-1 cases both self-dual models of order
2s − 1, i.e., L
(2)
SD3 and L
(1)
SD1, are built up from two terms of zero particle content. This is a
key ingredient in the master action approach. So we must seek for a highly symmetric fourth
order term. Starting with a general Ansatz:
L(4) = a hµνα
2hµνα + b hµ
2hµ + c hµνα∂
µ∂ρh
ρνα + d hµ∂
µ∂νh
ν
+e hµνα∂
µ∂νhα + f ∂µ∂νhµνα∂γ∂ρh
γρα + g ∂µ∂ν∂αhµνα∂ρh
ρ . (16)
Let us first define a subclass of models invariant under traceless reparameterizations4:
δhµνρ = ∂(µΛ¯νρ) ; η
µνΛ¯µν = 0 . (17)
Such symmetry can be implemented if
c = −3 a ; d =
1
4
(9 a+ 5 b) ; e = −2 b ; f = g = 3 a+ b . (18)
Accordingly, (16) becomes
L
(4)
(a,b) = a
(
RµνρR
µνα −
3
4
RµR
µ
)
+
b
4
RµR
µ , (19)
where the spin-3 Ricci-like curvature and its vector contraction have been introduced in [24],
namely,
4There is one case where we have invariance under arbitrary reparametrizations δhµνα = ∂(µλνα), however
it coincides with the fourth order term appearing in [21] which contains a ghost.
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Rµνρ = hµνρ − ∂
α (∂µhανρ + ∂νhαµρ + ∂ρhαµν) + ∂µ∂νhρ + ∂ν∂ρhν + ∂ρ∂µhν ,
Rρ = η
µν
Rµνρ = 2
(
hρ − ∂
α∂βhαβρ +
1
2
∂α∂ρhα
)
. (20)
Note that Rµνρ, and consequently Rµ, is invariant under (17). The traceless reparametrization
symmetry (17) plays in the massive spin-3 theory in D = 2 + 1, and also in D = 3 + 1 [2],
the same role of the linearized reparametrizations δhµν = ∂(µΛν) in the spin-2 FP theory, i.e.,
it is the symmetry of the massless limit of the theory and is instrumental in deriving the FP
constraints in the massive case.
Now we are ready to suggest an Ansatz for the fifth order spin-3 self-dual model. Usually,
the lower derivative term of the n-th order self-dual model becomes the higher derivative term
of the (n− 1)-th model but with opposite sign. Thus, the second term of (10), with opposite
sign, now becomes the highest order term of L
(3)
SD5. We add up the fourth order term (19) and
require the final Lagrangian to fit into the form (10) in terms of a fourth order dual field τ ∗µνρ:
L
(3)
SD5 =
m2
2
hµνρh∗µνρ −L
(4)
(a,b) =
m
2
h νρµ E
µατ ∗ανρ −
m2
2
hµνρτ ∗µνρ . (21)
From (21) and (15) we end up with a unique solution :
a =
1
2m2
; b = −
3
4
a = −
3
8m2
. (22)
Explicitly, the fourth order dual field is given by
τ ∗µνρ =
1
m4
[

2hµνρ −
1
4
η(µν
2hρ) −∂(µ∂
βhβνρ) +

4
η(µν∂γ∂βh
γβ
ρ) +

4
∂(µ∂νhρ)
+
7
16
η(µν∂ρ)∂ · h +
3
4
∂(µ∂ν∂
γ∂βhγβρ) −
9
8
∂µ∂ν∂ρ(∂ · h)−
3
8
η(µν∂ρ)∂
γ∂β∂δhγβδ
]
.
(23)
It turns out that the fourth order term in (21) is exactly the same one appearing in the fourth
order description of massive spin-3 particles (parity doublet) of [26]. It can be written as
the product of a spin-3 second order Einstein-like and a Schouten-like tensor very much like
the fourth order term (K-term) of the “New Massive Gravity” (NMG) theory [12]. After
integrating by parts we can write:
LSG ≡
m2
2
hµνρτ ∗µνρ =
1
2m2
Sµνα(h)G
µνα(h) =
1
2m2
RµνλR
µνλ −
15
32m2
RµR
µ , (24)
where, see [24],
Gµνλ ≡ Rµνλ −
1
2
η(µνRλ) ; Sµνλ = Gµνλ −
1
4
η(µνGλ) = Rµνλ −
1
8
η(µνRλ) . (25)
The definition of the Einstein-like tensor is consistent with the traceless reparametrization in
D = 2 + 1 in the sense that Gµνλ(h) = 0 implies a pure gauge solution hµνρ = ∂(µΛ¯νρ) just
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like Gµν(h) = 0 leads to hµν = ∂(µΛν) in the spin-2 case. Besides traceless reparametrizations
(17), the fourth order term LSG is the only possible combination among all fourth order terms
(16) which is invariant also under transverse Weyl transformation (quite similar again to the
K-term in NMG)
δhµνρ = η(µνψ
T
ρ) ; ∂
µψTµ = 0 . (26)
The fifth order term in (21) can also be written in a more inspiring form, namely,
m2
2
hµνρh∗µνρ =
1
4m3
Sµνα(h)G
µνα(Eh) , (27)
where (Eh)µνα = (2/3)E(µβh
β
να). Notice that the fifth order term in L
(3)
SD5 is invariant under
(17) and full Weyl transformations, see (13). It is a common feature of lower order (below 2s)
self-dual models that the highest derivative term has more symmetries than its lower derivative
partner. Next we show via master action that the particle content of L
(3)
SD5 is the same one of
L
(3)
SD6, i.e., helicity +3 or −3 particles, depending on the sign of the fifth order term, without
ghosts.
The generalization of the 6th order model (10) for arbitrary spin-s goes in the following
way. We first replace hµνρ by a rank-s totally symmetric field hα1···αs. The dual field h
∗
α1···αs
is
built up out of a differential operator of order 2s− 1 applied on hα1···αs such that the rank-s
generalization of (13) becomes a symmetry of hα1···αsh∗α1···αs . As we increase the spin we have
more terms which contribute, however the rank-s version of (13) is enough [27] to uniquely fix
the dual field h∗α1···αs. The factor 3m will be replaced by sm on the right hand side of (12). We
believe that the lower order 2s−1 self-dual model can be defined for arbitrary spin-s following
the same route of the 5th order spin-3 model. Namely, we define a term of order 2s − 2 by
requiring traceless reparametrizations and then impose that its symmetrized curl becomes the
already known 2s− 1 term hα1···αsh∗α1···αs. This is in progress [27]. The increasing number of
derivatives does not lead to ghosts due to the increasing number of local symmetries. The
proof of absence of ghosts is still cumbersome due to the higher derivatives.
3 Master action: S
(3)
SD5 → S
(3)
SD6
In this section we use the master action technique to connect L
(3)
SD5 with L
(3)
SD6. We start with
the SSD5 action and add a mixing term between the old field and the new dual field. The
mixing term is the fifth order term of SSD5.
The SD5 action is given by
S
(3)
SD5[h] =
∫
d3x
[
−
1
2m2
Sµνα(h)G
µνα(h) +
1
4m3
Sµνα(h)G
µνα(Eh)
]
. (28)
It has been shown in [19] that the fifth order term has no particle content. The fourth order
term LSG has also an empty spectrum as we have shown in [26] via a duality transformation
to a rank-2 theory, we will say more about it later on. Following the master action procedure,
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we use the fifth order term as mixing to construct the following master action:
SM [h, f ] = S
(3)
SD5[h]−
1
4m3
∫
d3x Sµνα(h− f)G
µνα(E(h− f)) , (29)
where fµνα is the new field introduced through the mixing term. In order to find a dual map
between correlation functions of the dual models, we add a source term jµνα coupled to a
totally symmetric dual field τ ∗µνα and define the following generating functional
ZM [j] =
∫
DhDf exp i
(
SM [h, f ] +
∫
d3x τ ∗µναj
µνα
)
. (30)
The dual field is given by τ ∗µνα = (1/m
4)Gµνα(S(h)), see explicitly in (23). It guarantees the
gauge symmetry of the master action under δhµνα = ∂(µΛ¯να) + η(µνψ
T
α).
After making the shift f → f + h in (29) we recover the fifth order self-dual model plus a
decoupled fifth order term depending only on fµνρ. Since the fifth order term has no particle
content, this guarantees that the particle content of SM [h, f ] is the same of S
(3)
SD5[h]. On the
other hand, the action can be written as 5
SM =
∫
d3x
[
−
1
4m3
Sµνα(f)G
µνα(Ef)−
1
2m2
Sµνα(h)G
µνα(h)
+
1
2m3
Sµνα(h)G
µνα(Ef) +
1
m4
Sµνα(h)G
µνα(j)
]
, (31)
which is equivalent to
SM =
∫
d3x
[
−
1
4m3
Sµνα(f)G
µνα(Ef) +
1
8m4
Sµνα(Ef)G
µνα(Ef) +
1
4m5
Gµνα(Ef)S
µνα(j)
−
1
2m2
Sµνα
(
h−
Ef
2m
−
j
m2
)
G
µνα
(
h−
Ef
2m
−
j
m2
)]
. (32)
After making the shift
hµνα → hµνα +
1
2m
(Ef)µνα +
jµνα
m2
, (33)
the last term of (32) decouples. Since such term has no particle content it can be trivially
Gaussian integrated. Thus, we finally obtain the sixth order self-dual model given by 6
S
(3)
SD6[f ] =
∫
d3x
[
−
1
4m3
Sµνα(f)G
µνα(Ef) +
1
8m4
Sµνα(f)G
µνα(E2f) + f ∗µναj
µνα +O(j2)
]
,
(34)
where f ∗µνα = (1/2m
5)Gµνα(S(Ef)) is the dual field h
∗
µνα given in (15) after the replacement
hµνα → fµνα. The equivalence between the S
(3)
SD5 and S
(3)
SD6 actions is guaranteed by the master
5We have used the following properties in the source term: Gµνα(S(h))j
µνα = Gµνα(h)S
µνα(j) =
Sµνα(h)G
µνα(j).
6We have used the property: Sµνα(Ef)G
µνα(Ef) = Sµνα(f)G
µνα(E2f).
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action SM . So the action (34) describes helicity +3 (or −3) eigenmodes depending on the sign
of the 5th order term. The correlation functions in both theories are related by
〈τ ∗µ1ν1α1 . . . τ
∗
µN νNαN
〉SD5 = 〈f
∗
µ1ν1α1
. . . f ∗µNνNαN 〉SD6 + C.T. , (35)
where C.T. are contact terms which appear due to the quadratic terms on the sources in the
master action. The equations of motion of L
(3)
SD5(h) are mapped in the equations of motion of
L
(3)
SD6(f) via the substitution
τ ∗µνα → f
∗
µνα . (36)
The equivalence between the new fifth order spin-3 self-dual model given in (21) or (28) and the
sixth order model of [19] rises up the question whether there might be another master action
allowing us to go further downwards to reach a fourth order self-dual model and eventually
fill up the gap in the chain of self-dual models found in [21] from L
(3)
SD1 to L
(3)
SD4. In the next
section we investigate this issue by studying the particle content of the family of fourth order
models (19).
4 The particle content of L(a,b)
A key ingredient in the master action approach is the fact that both the higher and the lower
derivative terms have no particle content. It turns out that the fourth order term present in
the fourth order self-dual model of [22] contains two degrees of freedom and one of them is
a ghost. This was an obstacle to go beyond the fourth order self-dual model in [22]. The
fourth order term of [22] corresponds to L(a,b) with b = −a while the one we have used in (21)
corresponds to b = −3 a/4. The later has no particle content. In order to clarify this issue and
investigate any other possibility we examine the particle content of L(a,b). As a by-product we
offer an alternative proof of absence of content in the b = −3 a/4 case.
Explicitly the L(a,b) model (19) is given by
L(a,b) = a hµνρ
2hµνρ + 3 a∂µhµνρ∂λh
λνρ + b
(
hµ
2hµ − 2∂µ∂νhµναh
α
)
−
(9 a+ 5 b)
4
∂ · h∂ · h+ (3 a+ b)
[
(∂µ∂νhµνρ)
2 + ∂µ∂ν∂ρhµνρ∂ · h
]
. (37)
Since the term hµνρ
2hµνρ is required in order to have a truly spin-3 content we assume
henceforth a = 1 and rename the model as Lb ≡ L(1,b). It is invariant, for arbitrary values
of b, by the traceless reparametrizations (17) determined by five gauge parameters Λ¯µν which
allow us to fix five gauge conditions.
Due to higher order time derivatives the analysis of the particle content of the free theory
Lb is nontrivial. Henceforth we follow the approach of [28], see also [25, 19]. We first fix
a gauge at action level, find a general solution of the gauge conditions in terms of helicity
variables without introducing time derivatives and plug it back in the action. Whenever we
fix a gauge at action level we might lose equations of motion which may not be recovered from
9
the remaining equations of motion. According to the recent references [29, 30] in order not
to lose relevant equations of motion we are only allowed to fix at action level the so called
complete gauge conditions. In our case this means that our five gauge conditions must uniquely
fix the five independent parameters Λ¯µν without any freedom for integration constants. It can
be shown that the five gauge conditions:
∂jhjkµ = 0 , (38)
where j, k = 1, 2 , µ = 0, 1, 2, are complete. Namely, requiring that the conditions (38) are
reached starting from arbitrary field configurations,
∂j
(
hjkµ + ∂jΛ¯kµ + ∂kΛ¯jµ + ∂µΛ¯jk
)
= 0 , (39)
we uniquely determine the five parameters7 Λ¯kµ by repeatedly applying space derivatives on
(39). We obtain
Λ¯kµ = −
1
∇2
∂jhjkµ +
1
∇4
∂(k∂i∂jhijµ) −
∂k∂µ
3∇6
(∂i∂j∂lhijl) . (40)
The general solution to (38) is given in terms of five independent fields :
hjkl = ∂ˆj ∂ˆk∂ˆlψ ; hjk0 = ∂ˆj ∂ˆkφ , (41)
h00j = ∂ˆjγ + ∂jΓ ; h000 = ρ , (42)
where ∂ˆj = ǫjk∂k satisfies ∂ˆi∂ˆj = ∇
2δij − ∂i∂j and ∂ˆi∂ˆi = ∂j∂j = ∇
2. Back in (37) with a = 1
we have the decoupling of the couple (γ, ψ) from the trio (φ, γ, ρ),
Lb = Lγψ + LφΓρ , (43)
where
Lγψ = −(b+ 3)γ∇
6γ + 2 b γ∇6ψ − (b+ 1)ψ∇62ψ , (44)
and
LφΓρ = −
(b+ 1)
4
(
ρ˜2ρ˜+ 3 ρ˜∇2ρ˜
)
−
3
2
(b+ 1)Γ∇2 ˙˜ρ
− 3(b+ 1)ρ˜∇4φ− (b+ 3)ρ˜∇6φ− (b+ 3)φ∇6φ
− 3(b+ 3)φ∇8φ+ 3(b+ 3)φ∇6Γ˙−
9
4
(b+ 1)Γ∇4Γ , (45)
where ρ˜ = ρ− 3∇2φ and f˙ = ∂tf . If b 6= −3 we can write
Lγψ = −(b+ 3)γ˜∇
6γ˜ − 4
(b+ 3/4)
(b+ 3)
ψ∇62ψ , (46)
7Recall that ηµνΛ¯µν = 0, therefore Λ¯00 = Λ¯jj is not an independent variable.
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where γ˜ ≡ γ − (b/(b + 3))ψ decouples from ψ. Due to the double massless pole we have in
general a massless ghost unless b = −3/4 where Lγψ has no particle content. On the other
hand, if b = −3, after the trivial shift γ → γ¯ + (2/3)ψ in (46) we have
(Lγψ)b=−3 = −6 γ¯∇
6
ψ = −
3
2
[
(γ¯ + ψ)∇6(γ¯ + ψ)− (γ¯ − ψ)∇6(γ¯ − ψ)
]
. (47)
Therefore, even if we change the overall sign of the Lagrangian, one of the two modes γ¯ ± ψ
is a ghost. Independently of what we find in LφΓρ we conclude that whenever b 6= −3/4 the
Lagrangian Lb contains at least one ghost mode. This is in agreement with the analysis made
in [22] for the case b = −1 which appears in the fourth order self-dual model of that reference.
From now on we focus on the only possible ghost free case: b = −3/4. After the redefinition
Γ = Γ˜− ˙˜ρ/(3∇2) , (48)
we get rid of the highest time derivatives present in (45). We perform another redefinition
ρ˜ = ρ¯+ 3∇2φ , (49)
in order to cancel out all time derivatives of φ. So we end up with
Lb=− 3
4
= −
81
4
φ∇8φ−
9
2
φ∇6ρ¯+
27
4
φ∇6 ˙˜Γ−
1
4
ρ¯∇2ρ¯−
9
16
Γ˜∇4Γ˜
= −
81
4
φ¯∇8φ¯−
9
16
Γ¯∇6 Γ¯ , (50)
where
φ¯ = φ−
˙˜Γ
6∇2
+
ρ¯
9∇2
; Γ¯ = Γ˜−
2
3∇2
˙¯ρ . (51)
The equations of motion of (50) lead to trivial solutions φ¯ = 0 = Γ¯. Therefore, Lb=− 3
4
has no
particle content. Since we have made several changes of variables involving time derivatives we
should make sure that the two sets of fields ΦK = (φ,Γ, ρ) and Φ¯K = (φ¯, Γ¯, ρ¯) are canonically
equivalent. Notice that the diagonal form (50) could have been obtained at once from (45) at
b = −3/4 via
φ = φ¯+
˙¯Γ
9∇2
−

9∇4
ρ¯ , (52)
Γ = − ˙¯φ +
(
5 +

∇2
)
Γ¯
6
+
(
+ 3∇2
9∇2
)
˙¯ρ , (53)
ρ = 6∇2φ¯+ ˙¯Γ +
(
3∇2 − 2
3∇4
)
ρ¯ . (54)
In matrix form we have ΦJ = MˆJKΦ¯K . The differential matrix operator MˆJK can be read off
from (52)-(54), it turns out remarkably that det(Mˆ) = 1. The reader can check explicitly that
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MˆJKΦK = 0 → Φk = 0. Therefore, ΦJ and Φ¯J are indeed canonically equivalent. Moreover,
the absence of ρ¯ in (50) follows from a residual symmetry of the gauge (38) at b = −3/4.
At this specific point a transverse Weyl symmetry shows up. The residual symmetry can be
revealed by requiring invariance of the gauge (38) under δhµνρ = ∂(µΛ¯νρ) + η(µνψ
T
ρ).
In summary, the fourth order Lagrangians L(a,b) contain a ghost mode for all values of b
except b = −3 a/4 where the model has no propagating degree of freedom. Regarding the local
symmetries, the traceless reparametrization can be enlarged in only two cases. We can have
longitudinal Weyl symmetry δhµνρ = η(µν∂ρ)λ at b = −a or transverse Weyl symmetry δhµνρ =
η(µνψ
T
ρ) at b = −3 a/4. In the first case the six parameters (Λ¯µν , λ) can be combined into
arbitrary reparametrizations governed by a traceful tensor Λµν which is however, not sufficient
to make the theory ghost-free as we have seen. In the second case we have maximal symmetry
with seven independent parameters (Λ¯µν , ψ
T
µ ) and we end up with no particle content.
Now we are ready to come back to investigate the existence of a possible fourth order self-
dual model connected via some master action with our fifth order model (21). The natural
candidate for the fourth order term is Lb=−3/4 for two reasons : it is the lower derivative term
in L
(3)
SD5 and it has no particle content. However, if we built up a fourth order self-dual model
only in terms of a totally symmetric rank-3 tensor hµνρ , i.e., L
(3)
SD4 = L(a,b)(hµνρ) + · · ·, where
the dots stand for lower derivative terms, then the equations of motion δSSD4/δhµνρ = 0 must
be of the form
E βµ h
∗
βνρ(h) + E
β
ν h
∗
βρµ(h) + E
β
ρ h
∗
βµν(h) + · · · = 0 , (55)
where h∗βνρ(h) is of third order in derivatives and stem entirely from L(a,b)(hµνρ). Since we
only have a totally symmetric field hµνρ by hypothesis, h
∗
βνρ(h) must be also totally symmet-
ric h∗βνρ = h
∗
(βνρ). So if we apply ∂
µηνρ on (55), the resulting equation vanishes identically
except for lower derivative terms hidden in the dots. This means that the fourth order term
L(a,b)(hµνρ) present in L
(3)
SD4 must be invariant under longitudinal Weyl transformations
8:
δλhµνρ = η(µν∂ρ)λ . (56)
This is only possible if b = −a which rules out the good candidate b = −3 a/4. Therefore a
possible fourth order self-dual model made out of the b = −3 a/4 term must have auxiliary
fields besides hµνα in order to avoid the above argument. This is under investigation.
5 Conclusion
In D = 2 + 1 dimensions, elementary particles of helicity +1 or −1 can be described either
by the second order (in derivatives) Maxwell-Chern-Simons (MCS) model of [10] or by the
first order self-dual (SD) model of [31]. In the spin-2 case there are four, see [20, 11, 10] and
[16, 25], self-dual models L
(2)
SDj, j = 1, 2, 3, 4 describing +2 or −2 helicity particles via j-th
order theories. For spin-3/2 we have three self-dual models of first, second [32, 33] and third
8
∫
d3xλ(ηµν∂ρ) δSSD4
δhµνρ
= 0 = − 13
∫
d3x δSSD4
δhµνρ
η(µν∂ρ)λ =
∫
d3x δSSD4
δhµνρ
δλhµνρ.
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[18] order. In all those cases the (j+1)-th order model can be obtained from the j-th order one
via master action and also via a Noether gauge embedding (NGE) procedure. There seems to
be a “2s” rule regarding the highest possible order for a spin-s self-dual model without ghosts.
There is however, a caveat in the spin-3 case.
In section 2 we have revisited the derivation of the sixth order spin-3 self-dual model L
(3)
SD6
[19]. The model is made out of one sixth plus one fifth order term. One can first obtain the
fifth order term based on Weyl and arbitrary reparametrization invariances then, the sixth
order term is obtained via a symmetrized curl of the fifth order term.
Next, in order to go one step downward and derive L
(3)
SD5 we have started with the fifth
order term of L
(3)
SD6 and searched for a convenient fourth order term. Since lower order requires
less symmetry, we have obtained a fourth order term by requiring traceless reparametrization
invariance (17) instead of general reparametrizations. This is also motivated by the key role
of traceless reparametrizatons in higher spin theories in D = 3 + 1. In particular, this is
the symmetry behind the massless limit of the massive spin-3 Singh-Hagen model [2]. This
requirement leads to the family of fourth order terms L(a,b) in (19). Imposing that the fifth
order term is the symmetrized curl of the fourth order term uniquely determines b = −3 a/4
where a transverse Weyl symmetry shows up. Consequently the new model L
(3)
SD5 is uniquely
determined.
In section 3 we have connected L
(3)
SD5 with L
(3)
SD6 via master action which guarantees that
the particle content of L
(3)
SD5 is the same one of L
(3)
SD6, i.e., massive particles of helicity +3 or
−3 without ghosts. In section 4 we have investigated the possibility of going another step
downward L
(3)
SD5 → L
(3)
SD4. A detailed study of L(a,b) reveals that only the case b = −3 a/4
has no particle content and could be a good candidate to be the highest order term of a
possible fourth order self-dual model L
(3)
SD4. However, we have argued that it can not be
entirely formulated in terms of a totally symmetric field hµνρ, auxiliary fields are required. We
conjecture that only the self-dual models of order 2s and 2s − 1 can be formulated in terms
of totally symmetric rank-s fields hα1...αs without auxiliary fields. This is under investigation.
In summary, although we can obtain L
(3)
SD6 from the new fifth order model found here L
(3)
SD5
as well as the models L
(3)
SDj, j = 2, 3, 4 can be obtained from L
(3)
SD1 of [20], there is no connection
between those two sets of models. The key point is that the fourth order term of L
(3)
SD4 of [21]
has a nontrivial particle content, so it can not be used to produce an equivalent 5th order
model via master action. From the point of view of local symmetries, the fourth order model
of [21] is invariant under traceless reparametrizations plus longitudinal Weyl transformations
δhµνρ = ∂(µΛ¯νρ)+η(µν∂ρ)Φ which is equivalent to full reparametrizations δhµνρ = ∂(µΛνρ) while
the model L
(3)
SD5 found here is invariant under traceless reparametrizations and transverse Weyl
transformations δhµνρ = ∂(µΛ¯νρ)+ η(µνψ
T
ρ). So there is no way of connecting those theories via
Noether gauge embedding.
We believe that if we could be able to go all the way downward from L
(3)
SD6 until a first order
model we would not end up at the model of [20]. There is probably a more natural first order
spin-3 self-dual model which would allow us to go back upward until L
(3)
SD6. Eventually we
might be able to construct first order self-dual models for arbitrary spin-s in a more systematic
way and learn more about higher spin theories.
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